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Abstract
In the recently introduced gauge theory of translations, dubbed Coincident General Rel-
ativity, gravity is described with neither torsion nor curvature in the spacetime affine
geometry. The action of the theory enjoys an enhanced symmetry and avoids the sec-
ond derivatives that appear in the conventional Einstein-Hilbert action. While it implies
the equivalent classical dynamics, the improved action principle can make a difference in
considerations of energetics, thermodynamics, and quantum theory. This essay reports
on possible progress in those three aspects of gravity theory. In the so-called purified
gravity, 1) energy-momentum is described locally by a conserved, symmetric tensor, 2)
the Euclidean path integral is convergent without the addition of boundary or regulating
terms and 3) it is possible to identify a canonical frame for quantisation.
1
2The action principle for the General theory of Relativity (GR) that Einstein had
written down in 1916 [1] is
(1) SE =
∫
d4x
√−gLE , LE = 1
16piG
gµν
( {
α
βµ
}{
β
να
}
−
{
α
βα
}{
β
µν
})
,
where G is the Newton’s constant,
{
α
βµ
}
are the Christoffel symbols of the metric
gµν and g is its determinant. Though SE does not suffer from second derivatives
of the metric, the action principle due to Hilbert, which is a volume integral over
the curvature R of the Christoffel symbols, became the more generally accepted
standard from early on.
Einstein proposed [1] that the energy and momentum of the gravitational field
is described by
(2) t
µ
Eν =
∂LE
∂gαβ,µ
gαβ,ν − δµν LE ,
which is indeed obtained from the canonical Noether current corresponding to the
invariance of SE under translations. This proposal was immediately critised [2],
on the grounds that t
µ
Eν is not a tensor but a pseudotensor. Thus, in the absence of
gravity it can be non-vanishing and in the presence of gravity it can be vanishing,
depending on the coordinate system. Nevertheless, Einstein vigorously defended
[2] the use of the pseudotensor (2), which was also adopted, amongst many oth-
ers, by Dirac in his textbook [3]. Though amyriad of non-canonical pseudotensors
and quasilocal definitions of the gravitational energy-momentum have been intro-
duced by many other authors (for brief reviews see e.g. [4, 5, 6]), it is fair to say
that none of them provides a fully compelling alternative to the original proposal
[1]. In this essay we shall revisit it from the covariant perspective of purified gravity
[7, 8, 9].
In the framework of purified gravity, gravitation is understood as an inertial (i.e.
pure gauge) “force” rather than as spacetime geometry, and GR is reformulated
as the gauge theory of translations that was dubbed the Coincident GR (CGR) [7].
Though Einstein considered GR in terms of both curvature and torsion [10], in his
view the great achievement of the theory never was the geometrisation of gravita-
tion per se, but its unification with inertia [11]. Technically1, GR equally well as its
1Since the coframe ea = θa + Dxa is the translation gauge potential θa only up to the covariant
derivative Dxa of the Cartan radius vector xa [12], the torsion Ta ≡ Dea = Dθa + Rabxb is the
translation field strength if teleparallelism, Rab = 0, is assumed. On the other hand, in standard
GR it holds instead that Ta = 0, and the translation gauge field strength Dθa = −Rabxb is in turn
directly proportional to the curvature.
3teleparallel equivalent [13] can be viewed as a gauge theory of translations. How-
ever, in purified gravity the defining property of the covariant derivative∇µ is its
commutativity, [∇µ,∇ν] = 0, which distinguishes purified gravity as the canoni-
cal framework for a gauge theory of the Abelian group of translations. The affine
connections corresponding to translations2 are precisely those with neither curva-
ture nor torsion [7]. This implies that the field strength of translations vanishes,
which is the gauge theoretical rationale underlying the equivalence principle [8].
In CGR, themetric gµν represents the potential of the inertial “force” fieldQα
µν ≡
−∇αgµν. The action of the theory is singled out as the unique quadratic form that
is invariant with respect to infinitesimal translations of the connection [7]. Includ-
ing a matter Lagrangian LM, this action can be written as
(3) S =
∫
d4x
√−g
(
1
16piG
Q + LM
)
, Q ≡ −QαµνPαµν ,
where Q is the quadratic invariant that is given by the constitutive tensor Pαµν as
(4) Pαµν = −1
4
Qαµν +
1
2
Q(µν)
α +
1
4
(
Qα − Q˜α) gµν − 1
4
δα(µQν) ,
where we have defined the Weyl covector Qα ≡ Qαµµ and the projective trace
Q˜α ≡ Qµαµ. Because the connection is integrable, it is always possible to trivialise
it by the gauge choice called the coincident gauge [7], ∇˚α = ∂α (we denote quantities
in this gauge by placing a ring over the symbols). One can verify that the theory
described by S in (3) is dynamically equivalent to GR by checking from (1) that
Q˚ = LE.
The field equations obtained by the variation of the action S with respect to the
metric can be written as
(5) τµν − tµν = Tµν ,
where we have defined the metric and the matter energy-momentum tensors as
(6) tµν ≡ 1
8piG
(
PµαβQναβ +
1
2
δ
µ
ν Q
)
, Tµν ≡ −2√−g
δ (
√−gLM)
δgµν
,
respectively. In addition, there appears what we could call the inertial energy-
momentum tensor [9], given by
(7) 8piGτµν ≡ − 2√−g∇α
(√−gPαµν) .
2In purified gravity translations are realised passively, as general coordinate transformations.
Note that in contrast to the usual approach to metric-affine gauge theories [12], we do not gauge
translations in addition to the general linear group but fromwithin that group. To our knowledge,
an equivalent (pure) gauge theory was first presented in [14], see [8, 9] for more references.
4With some tensor algebra, we can see that
√−g˚τ˚µν is an expression for what is
known as the Einstein energy-momentum complex [4, 5, 6], and by comparing
(2) and (6) we can confirm that t˚µν = t
µ
Eν. Thus, CGR naturally offers the fully
covariant improvement of the canonical split of the gravitational energy budget
[1].
It is crucial to also take into account the equation of motion for the connection,
which is now independent of the metric. Assuming for simplicity that the inde-
pendent connection does not enter into LM, the variation of S in (3) yields [9]
(8) ∇µ
(√−gτµν) = 0 .
This precisely ensures the conservation of the inertial energy-momentum in (7).
The result (8) can also be obtained as a geometrical Bianchi identity [9]. It holds in
any frame and in particular, due to (5), implies that ∂µ[
√−g˚(t˚µν + T˚µν)] = 0.
We are now in a position suggest a covariant criterion for the canonical frame.
The conjecture is that a canonical frame is defined by tµν = 0, i.e. the vanishing of
the energy-momentum associated with the spacetime metric. In such a frame the
tensor τµν describes the local energy-momentum of spacetime and matter. Some
remarks may be in order.
• Hoping not to have lost the reader with too many new terms we briefly
recall them. Purified gravity: pure gauge theory of translation. Coincident
GR: The equivalent of GR in purified gravity. Coincident gauge: the uni-
tary gauge wherein ∇˚α = ∂α. Canonical frame: a frame wherein tµν = 0.
• It is worth reiterating that the condition tµν = 0 is covariant i.e. totally
independent of the coordinate system. (Of course, if one insists on work-
ing in the coincident gauge, the gauge redundancy is eliminated and t˚µν
becomes coordinate-dependent.)
• It is evident that a canonical frame always exists (and that one can always
at least locally further stipulate that t˚µν = 0). Thus, in CGR we can de-
termine the gravitational energy-momentum at any given point of space-
time3.
3Thismay not still quite amount to the statement [15] that “In relativity a non-localizable form of
energy is inadmissible because any form of energy contributes to gravitation and so its location can
in principle be found.” In Schwarzschild spacetime, to be discussed shortly, we have everywhere
τµν = 0 but still find nonzero energy charge. Perhaps it should understood that the energy resides
at the singularity.
5• Since in the canonical frame the field equations of CGR reduce to τµν =
8piGTµν, our conjecture by construction incorporates the Cooperstock hy-
pothesis [18], namely that energy only exists in regions where the matter
energy-momentum tensor is non-vanishing.
• Because of the latter identity, the inertial energy-momentum tensor τµν =
τ(µν) is symmetric in the canonical frame. Thus it avoids another problem
of the original proposal [1] and facilitates the definition of the gravitational
angular momentum.
• The concept that the metric is an auxiliary field that should have vanishing
energy-momentum tensor alsomore and less strongly resonates withmany
ideas about quantum [16] and emergent [17] gravity, from Sakharov’s in-
duced gravity to topological and holographic considerations in string the-
ory. We believe that CGR could provide a fresh impetus to some of these
ideas, but will have to enter into that discussion elsewhere.
At this point of the essay it is pertinent to demonstrate that the conjecture works
in practice. For this purpose we show that the gravitational energy and entropy
are correctly obtained in the canonical frame in the two most important cases that
feature horizons: Schwarzschild’s black hole spacetime and de Sitter’s cosmologi-
cal spacetime. To compute the entropy, we use the Euclidean path integral method
in the saddle point approximation [19]. Since on-shell R = −8piGT we have that
Q = −Dα(Qα − Q˜α) − 8piGT, where Dα is the metric-covariant derivative [9].
Thus we may consider the action (3) in the form
(9) SE = − 1
16piG
∫
d4x∂α
[√−g(Qα − Q˜α)]+
∫
d4x
√−g
(
LM − 1
2
T
)
.
Note that a cosmological constant does not contribute to this formula.
For the two cases of interest, very conveniently a solution with t˚µν = 0 exists.
These solutions are included in the Kerr-Schild class of metrics [20, 4] of the form
(10) gµν = ηµν + 2V(r)ℓµℓν , ℓµdx
µ = dt+ δij
xi
r
dxj , r ≡ δijxixj .
Note that ℓµ is a geodesic null vector. We can straightforwardly compute the two
traces and obtain that Qµ = 0 and Q˜µ = −2V ′(r)ℓµ (circles for the coincident
gauge omitted here). In the Euclidean case we let ηµν → δµν and dt → −idτ in
(10) and can then calculate (9):
SE =
1
16piG
∫
d4x∂αQ˜
α =
1
16piG
∫
r=r+
d3xQ˜µnµ
= − 1
8piG
r2+V
′(r+)
∫ β
0
dτ
∫
d2Ω = −β
2
r2+V
′(r+) .(11)
6In the first line we used the Gauss theorem and referred to the outward unit nor-
mal as nµ, with respect to the surface of the horizon at r = r+, and in the second
line referred to the period of the Euclidean time τ as β. In the case of a black hole,
the temperature 1/β of the horizon at r+ is given by 1/β = −V ′(r+)/(2pi), and
the above reduces to the statement of the area law SE = pir
2
+, regardless of the
V(r) (in the case of the Schwarzschild black hole, V(r) = GM/r). The energy
according to the τ˚µν in the coordinates (10) has been already investigated [4] and
it turns out to be equal to the mass M when V(r) = GM/r. The reader may notice
that in CGR we neatly avoid invoking a regulating term as well as the bound-
ary term which is solely responsible for the entropy in the original derivation of
Gibbons and Hawking [19].
The case of the cosmological horizon is somewhat different. The static patch
of de Sitter space is described by V = −r2/r2+, where r+ is now understood
as the cosmological horizon at which β = 2pir2+. We thus obtain from (11) that
SE = −pir2+, which again is the correct result since the energy in this case is van-
ishing.
This essaywasmeant to substantiate the claims that in purified gravity 1) energy-
momentum is described locally by a conserved, symmetric tensor, 2) the path in-
tegral formalism requires neither boundary nor regulating terms and 3) we can,
in covariant terms, identify a canonical frame wherein to perhaps carry out quan-
tisation. Though inertial frames are of paramount importance in special relativity,
the idea of preferred frames is alien to the standard interpretation of GR that is
formally based on the Hilbert action and conceptualised in terms of spacetime
geometry. That interpretation is exceedingly beautiful but, maybe, it can to an
extent mystify and obscure the more fundamental nature of the gravitational in-
teraction. In some ways at least, CGR might be closer to Einstein’s own view of
GR than what has become conventionally established as “Einstein’s GR”.
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